The overtaking collisions of ion-acoustic solitons (IASs) in presence of trapping effects of electrons are studied based on a fully kinetic simulation approach. The method is able to provide all the kinetic details of the process alongside the fluid-level quantities self consistently. Solitons are produced naturally by utilizing the chain formation phenomenon, then are arranged in a new simulation box to test different scenarios of overtaking collisions. Three achievements are reported here. Firstly, simulations prove the long-time life span of the ion-acoustic solitons in the presence of trapping effect of electrons (kinetic effects), which serves as the benchmark of the simulation code. Secondly, their stability against overtaking mutual collisions is established by creating collisions between solitons with different number and shapes of trapped electrons, i.e. different trapping parameter. Finally, details of solitons during collisions for both ions and electrons are provided on both fluid and kinetic levels. These results show that on the kinetic level, trapped electron population accompanying each of the solitons are exchanged between the solitons during the collision. Furthermore, the behavior of electron holes accompanying solitons contradicts the theory about the electron holes interaction developed based on kinetic theory. They also show behaviors much different from other electron holes witnessed in processes such as nonlinear Landau damping (Bernstein-Greene-Kruskal -BGKmodes) or beam-plasma interaction (like two-beam instability).
I. INTRODUCTION
Solitons are defined as nonlinear localized solutions which are stable against mutual collisions, namely head-on and overtaking collisions 24 . These structures emerge after the collisions without any changes in their physical features (such as velocity, height, width and shape in both velocity and spatial directions). Stability is defined as their physical features remaining the same before and after the collisions (and not during collisions). As far as physical features are considered, solitons act as pseudo-particles, hence the suffix "ton" in the word "soliton" 25 . During collisions, however, features of two solitons participating in collision merge and overlap. Hence, a collision between two solitons is interpreted as their overlapping in spatial direction. Solitons can be regarded as a subclass of solitary waves, nonlinear localized structures propagating steadily in a dissipative medium. "Stability against mutual collisions" distinguishes the two concepts apart. Although in the context of plasma physics, especially for ion-acoustic solitons (IASs), these two terms have been used interchangeably.
Historically, solitons were discovered in context of plasma fluid simulation 25 , and since then theoretical and simulation approaches based on "fluid framework" have played a major role in studying different forms of solitons in plasma physics 13, 21 . In the fluid framework, densities of plasma species are considered as the their physical features. Temporal evolutions of these densities, coupled by Poisson's equation, produce the whole physical picture of solitons by providing the electric potential and field for any given time. However, densities are reduced forms of distribution functions and hence kinetic effects, related to distribution functions, stays beyond the scope of fluid framework. In the experimental studies, the kinetic details are either not reported or overlooked 5, 14, 23 . Theoretical approaches such as the Sagdeev pseudo-potential 18 and the BGK method 3 supply a chance to incorporate kinetic effects into solitons studies. However, this comes at the price of losing the temporal evolution, which consequently means that stability against mutual collisions can not be studied. These methods are able to discover the nonlinear solutions, but can't prove/disprove them as solitons.
To address these limitations in the studies of solitons, we have employed a fully kinetic simulation approach, which can encompass the kinetic effects and supply the temporal evolution of the physical features. In this simulation method the dynamics of the plasma species, e.g. electrons and ions, are followed based on solving the Vlasov equations. Therefore, the dynamics of distribution functions, kinetic details, are provided and the fluid-level quantities, i.e. densities of each species, are achieved self-consistently. This theoretical framework, removes the limitations faced in the previous studies such as small-amplitude limitation of reductive perturbation method i.e. KdV model, the absence of temporal evolution in the Sagdeev's approach or the BGK method and the lack of kinetic effects in fluid model. 20 , each having their own fluid dynamical equations, namely KdV, Schamel-KdV and Schamel equations. However it remains inconclusive, if the solutions should be regarded as solitons, i.e. if they can survive mutual collisions, due to the absence of the temporal evolution in the BGK method. Different fluid-based simulation methods have been employed to respond this concern 7, 22 . However, their results are limited since trapping effect can't be comprehensively considered by fluid models specially in case of large-amplitude solitons 8 . Moreover, Particlein-cell (PIC) simulation methods suffer from their inherit noise level and can't provide a clear view of the kinetic-level interactions 8, 17 .
Here, our main focus is on the overtaking collisions of ion-acoustic solitons in presence of electron trapping in two-species plasmas. However, we need to show that simulation method is adjusted and finetunned for long-time nonlinear simulations. Therefore, firstly the results of IASs propagation for longtime runs are presented in Sec.III A. This section stands as the benchmarking of the simulation code which can assure the reliability of the simulation results in the long-time nonlinear stage. Afterwards, in Sec.III B the question about the stability of IASs against collisions (here overtaking collisions) is addressed. Collisions between solitons with different sizes and trapping parameter are presented covering different regimes proposed by Schamel. Note that interaction time of head-on collisions are shorter than of overtaking ones. Hence stability against overtaking collisions should be regarded as the ultimate test for the stability.
Furthermore, the details of a mutual overtaking collision between two IASs is presented in the phase space by showing the temporal evolution of distribution function of both species (Sec.III C). In case of electron distribution function, kinetic details of two electron holes accompanying IASs during overtaking collisions are studied alongside other types of shapes. The interaction between the holes reveals two contradictions with the existing theories. Firstly, the results unveil the complexity of interaction of solitons on kinetic level, i.e. particle exchanging, in contrast to the simple comprehension provided by the fluid framework. Secondly, it shows that the electron holes don't merge while exchanging trapped particles. Electron holes (trapped electrons population) has shown a tendency of merging in context of other phenomena in plasmas such as BGK modes, two stream instability. Our results show a very different tendency among the 
Charge q elementary charge e Mass m ion mass mi electron holes when they are accompanying IASs.
II. BASIC EQUATIONS AND NUMERICAL SCHEME
Equations and quantities are normalized based on table I. Hence the normalized Vlasov-Poisson set of equations reads as follow:
where s = i, e represents the corresponding species. They are coupled by density integrations for each species to form a closed set of equations:
in which N stands for the number density. Note that by this normalization, ion sound velocity and electron plasma frequency are v C = 8.06 and ω pe = 10.0, respectively. The Schamel distribution function 19 has been utilized as the initial distribution function to invoke a self-consistent hole in phase space and a localized compressional density profile in density. The normalized version of it reads as follow: 
Tsqs represents the (normalized) energy of particles. v 0 = 0 stands for the velocity of the initial density perturbation (IDP). β is the so called trapping parameter which describes the distribution function of trapped particles around v 0 . Based on β, Fig. 1 shows that the distribution function of trapped particles can take three different types of shapes, namely hole (β < 0), plateau (β = 0) and hump (β > 0).
The hole in phase space produces a compressional pulse in the number density which is in turn introduces a localized structure in the electric potential. Early in temporal evolution, the initial density perturbation (IDP) breaks into two oppositely moving density perturbations (MDP) due to the symmetry in the velocity direction of the distribution function 6 . Then these MDPs split into number of IASs through the chain formation process. Note that the resulted IASs are not mathematical structures imposed to the system and are produced selfconsistently. Then, these solitons are isolated and inserted into new simulation boxes to create different scenarios of overtaking collisions. In other words, the distribution function of these self-consistent solitons are inserted into certain places in the spatial direction, while the rest of the new simulation box is filled by the unperturbed Maxwellian distribution function:
The constant parameters which remain fixed through all of our simulations include: mass ratio mi me = 100, temperature ratio Te Ti = 64 and L = 1024, where L is the length of the simulation box. The periodic boundary condition is adopted on the spatial direction.
The kinetic simulation approach utilized here is based on the Vlasov-Hybrid Simulation (VHS) method in which a distribution function is modeled by phase points 1,9,15 . The arrangement of phase points in the phase space at each time step provides the distribution function, and hence all the kinetic momentums e.g. density, entropy and etc. The initial value of distribution function associated to each of the phase points stay intact during simulation which guarantees the positiveness of distribution function under any circumstances. Deviation of the conservation laws, e.g. conservation of entropy and energy, are closely monitored to stay below one percent. Each time step routine of the simulation consists of three steps which are summarized below. First step includes integrating distribution functions to achieve number densities. Then, by plugging these densities into Poisson's equation, electric potential are obtained. Poisson's equation is solved here based on a parallelized multi-grid method. On the third step, the Vlasov equation for each species is solved based on characteristics method utilizing leap-frog scheme to find the new arrangement of the phase points in the phase space for the next step.
III. RESULTS AND DISCUSSION
A. Long time propagation of IA solitons
As the first step, we have considered the long-time simulation of solitons propagation, aimed at examining the reliability of the simulation approach utilized here. Figs.2 and 3 present the results of two solitons with almost the same speed propagating in a periodically bounded plasma. They have different sizes and values of trapping parameter, e.g. β = −0.1, 0.2. Fig. 2 displays the fluid-level physical features, i.e. number densities, for both species. Since number density is the starting point for all the other quantities such as electric field and potential, their stabilities during propagation guarantee these other quantities stability. Fig. 3 , on the other hands, deals with the kinetic details of the distribution function of both species during the solitons' long-time propagation. The overall shape and internal structure stay the same up-to τ = 1000. Combining these two figures, all the physical features (such as velocity, height and width in both spatial and velocity directions) of a soliton are preserved by this simulation method for a long time. Considering the ion distribution function around the solitons, trapping effect can't be seen and hence the simulations here are in the regime without ion trapping effect.
The example shown here, provides a benchmarking test for the simulation code. Firstly, they prove the the process of inserting solitons distribution functions into a new simulation box has not resulted in any numerical instability. Secondly, it shows that the routines in time step of the simulation code is capable of handling a long-time simulation for the nonlinear stage and justifies the results of the next sections to be reliable. Note that solitons are extremely sensitive In case of β = −0.1, the overtaking collision of IASs happens while they are accompanied by two holes in electron distribution function. Fig. 4 shows the number densities, fluid-level features, before and after the collision. On the fluid level, the stability against mutual collision can be witnessed, since solitons' features such as hight, shape and width remain the same before and after the collision. Note that the collision is defined as the time interval of solitons when they are overlapping each other. Hence the times τ < 200 and τ > 600 are considered as before and after the collision, respectively. During collision/overlapping (for example at time τ = 400 shown in Fig. 4) , the two solitons lose their distinctive shape and merge to some extent. However, the concept of stability is defined for solitons features before and after collisions and not during them.
Furthermore, the kinetic details of both species distribution functions before and after collision is shown in Fig. 5 . Although the overall shape, width in velocity and spatial directions remain the same, the internal structures differ. The contrast of colors clearly indicates that the after the collision, each of the electron holes has acquired some of the trapped electrons' population of the opposite electron hole. Each trapped population can be recognized after the collision by their core (inner part). In other words, the core remains untouched during collision. However, the outer (parts) are exchanged between the two electron holes. In case of ions distribution function no change can be seen before and after the collision.
Figs.6 and 7 display the results of an overtaking collision between two solitons with different trapping parameter, namely β = 0 and β = −0.1. Hence on the kinetic level of electron, the collision takes place between a plateau (β = 0) and a hole (β = −0.1) accompanying small and large solitons, respectively. The same characteristics as the collision between two electron holes can be witnessed such as exchanging outer layers of trapped populations and no change in ion distribution function. Fig.8 clearly indicates the exchange of population between the two solitons. Furthermore it implies the conservation of the trapped partilces. Fig. 9 displays the details of temporal evolution of number densities of the two species during the overtaking collision. Three interesting phenomena can be witnessed in this figure.
C. Details during overtaking collisions
Firstly, Fig. 9 reveals that during the overtaking collision, the solitons don't cross each other. The larger (faster) soliton reaches the smaller (slower) soliton, while losing its height, hence slowing down. Meanwhile, the smaller (slower) soliton increase its height and therefore its velocity. Note that there is a direct relationship between velocity and height of an IAS. As the time of τ = 425, the two soliton have the same height and velocity. Afterwards, the process of losing/gaining height and velocity by larger/smaller soliton continues. Until the smaller/larger one morphs itself completely to the opposite soliton. Further on, due to the velocity difference they start to depart each other, however this time the larger soliton appears ahead of the smaller one. Secondly, a shift in the trajectories of both solitons can be recognized which is a specific property of collision between solitons and have been reported in context of other field of physics for variety of solitons. This shift can be conceived as the by product of the two solitons exchanging their features during collision. The larger soliton disappears during colli- sion and emerges later in the place of the smaller one and hence it doesn't follow a continuous path. This bending of trajectory appears as a shift seen in Fig.  9 .
Finally, during collision, two solitons overlap and their facing tales disappears. This overlapping can be seen at τ = 425 in Fig. 9 at the midst of the collision.
Kinetic details of the overtaking collision are presented in Fig. 10 . The same phenomenon as on the fluid level (Fig. 9 ) can be seen here as well.
Firstly, during the collision, the two trapped electron population (here a plateau and a hole) starts to overlap and lose their boundaries on the facing side. As collision continues, more layers of their outer part are exchanged between them. Hence, the larger/smaller soliton shrinks/grows on the velocity direction which results in losing/gaining velocity. In the midst of the collision, they have reached the same velocity as well as the same width in the velocity and spatial directions (τ = 425). Therefore they can't continue increasing their overlapping region since they are both traveling with the same velocity. As the processes continue, the growth/decline in velocity of smaller/larger solitons cause them to depart. Since during collision they don't exchange their core part of trapped electrons, hence the smaller/larger soliton splits while having its own core with the outer layer of the larger/smaller soliton. We have carried out these types of simulations for solitons with different trapping parameter (β) overtaking each other and the same patterns have been witnessed. Secondly, electron holes/plateaus/humps accompanying the solitons after the overlapping, split and continue propagating steadily accompanying their associated solitons. However this is in contrast of the behavior of electron holes seen and predicted in other phenomena such as beam-plasma interactions 2, 16 and nonlinear Landau damping (Bernstein-GreeneKruskal -BGK-modes) 4 . In these case, it is observed that the electron holes merge in pair until the system reaches the stable state of one hole. In other words in a periodically bounded system of a plasma, electron holes tend to merge until one big hole remains. Our simulations show that electron holes accompanying IASs don't show any tendency of merging, eventhough they are overlapping during collision. Moreover, they split after the collision which has never been reported (to the best of our knowledge) in the context of electron holes study.
Furthermore, based on a theory developed by Krasovsky et al. [10] [11] [12] utilizing energy conservation principle, collision between two electron holes is a dissipative process. The internal energy of a hole (kinetic energy of the trapped electrons in the co-moving frame) grows during collision and hence holes warm up. This is an irreversible process and causes an effective friction in the energy balance. In other words any collision between two electron holes should be inelastic and they should ultimately merge into one hole. Our simulation results display a complete opposite process. Krasovsky et al. argue that for two holes to merge, the relative velocity of the holes should be slow enough so that the trapped electrons oscillate at least once during collision (condition of merging). Here despite the slow relative velocity the two holes do not merge.
By following the temporal evolution even more until the two soliton collide again, the same patterns can be witnessed. This time, they exchange their outer parts, and the resulted trapped population shows the same color as the cores. Hence it seems that they exchange the same population of the trapped electrons as of the first overtaking collision. (see Fig. 11 ).
IV. CONCLUSIONS
Three aspects of the ion-acoustic soliton in the presence of trapped electrons are discussed. Initially, it is shown that these nonlinear localized structures can propagate for a long time using the simulation method proposed here without losing their distinctive characteristics both in fluid and kinetic levels 6 . This has been used as benchmarking test of the simulation code as well.
The main focus of the paper is to provide proof of the stability of these IASs against mutual overtaking collisions. The results on both fluid and kinetic levels are provided and show that the physical features such as width, hight, and shape in both spatial and velocity directions stay the same before and af- ter the collisions. Simulations with different trapping parameter, hence different shape of trapped populations, prove the stability for a range of the trapping parameter covering negative to positive values. However the internal structures of the trapped populations of electrons differs before and after the collisions.
Furthermore, we have studied and presented the details of the collision on both fluid and kinetic level. The overall dynamics of overtaking collisions can be reduced into three steps: 1) closing-in step 2) mid-collision step 3) departing step in the first step, the two solitons come close and start overlapping in the spatial direction. Meanwhile, the exchanging of trapped particles starts and this cause the fast soliton to lose velocity while the slower one gets faster. During this step, due to particle exchange, the amplitude of the larger one is reduced while the opposite happens to the smaller soliton. Solitons increase their overlapping area until the collision process hits the second step.
At the mid-collision step, which is the exact mid time of collision process, the size of the two solitons are equal as well as their velocities, hence zero relative velocity. So they can't continue increasing their overlapping area. Finally, in the third step, the processes of the first step continue. The old small-slow soliton becomes new large-fast soliton and visa versa. Hence the relative velocity increases and the two solitons starts departing. Finally they move further enough that they can't no longer exchange particles and therefor the collision process finishes, i.e. overlapping stops.
Note that the two solitons don't overtake each other, they basically come close to each other and exchange particles and depart. During this process they exchange their fluid-level identity, i.e. number density profile, and this appears as a shift in their trajectory on the fluid level.
In Conclusion, ion-acoustic solitons physical features don not change on the fluid level before and after overtaking collisions. However, on the kinetic level, the internal dynamics of the electron trapped population differs. But this doe not affect the fluidlevel properties, hence it is safe to assume ion-acoustic solitons (in presence of trapping effect of electrons) as solitons, structures which can survive collisions.
